This study determines the relative difficulty and associated strategy use of arithmetic (addition and subtraction) story problems when presented in American Sign Language to primary level (K-3) deaf and hard-of-hearing students. Results showed that deaf and hard-of-hearing students may consider and respond to arithmetic story problems differently than their hearing peers, with the critical dimension in problem difficulty being based on the operation typically used to solve the problem, not the story within the problem. The types of strategies used by the students supported the order of problem difficulty. The visual-spatial nature of the problem presentation appeared not to assist the deaf and hard-of-hearing students in solving the problems. Factors that may have contributed to this pattern of problem difficulty are discussed so that educators can better align mathematics instruction to the thinking of the deaf child.
To prepare students for productive lives in the 21st century, the National Council of Teachers of Mathematics (NCTM) established standards in content, pedagogy, and assessment to guide mathematics education (National Council of Teachers of Mathematics [NCTM], 2000) . At the core of this plan is ''problem solving,'' the process used to complete a task for which a solution is not immediately apparent. Problem solving involves the synthesis and extension of current knowledge in representing a situation (mathematically), devising a strategy to solve the problem, carrying out the solution, and reflecting on the answer (Hiebert et al., 1996; Reed, 1999) . As such, problem solving is ''not only a goal of learning mathematics, but also a major means of doing so'' (NCTM, 2000, p. 52) .
Within the curriculum, many different kinds of problems are used to engage students in problem solving. This study focuses on problems that form a critical component of the elementary curriculum-single-step arithmetic story problems. At the primary level, problem solving, and in particular the solution of story problems, can provide a bridge from children's informal mathematical understandings to the more formal knowledge they are expected to develop in school (Carpenter, 1985; Carpenter, Franke, Jacobs, & Fennema, 1998) . For young children, frequent opportunities to solve story problems of a variety of types can form the foundation for the more complex problem solving encountered later in school as well as for real-life problem solving outside of the school setting. It is critical then that children have full access to these problem-solving opportunities.
Extensive research on hearing children's problemsolving processes and success with single-step arithmetic story problems presented orally has resulted in a descriptive framework that has assisted teachers in their instructional decisions regarding problem solving . Children in classrooms where teachers have an understanding of the relationship between the relative difficulty of problems of different Authorship of this article is equal. This research was funded through a grant by the U.S. Department of Education, Office of Special Education Programs. Special thanks go to Dr. Ronald Kelly for his assistance with this study. Correspondence should be sent to Claudia M. Pagliaro, Education of Deaf and Hard-of-Hearing Students, or Ellen Ansell, Mathematics Education, at the University of Pittsburgh, 5300 W.W. Posvar Hall, Pittsburgh, PA 15260 (e-mail: pagliaro@pitt.edu or ansell@pitt.edu).
types and children's solution strategies show greater achievement in problem solving (Carpenter, Fennema, Peterson, Chiang, & Loef, 1989; Villasenor & Kepner, 1993) .
Problem solving is also recognized as a critical area for deaf and hard-of-hearing students (Dietz, 1995; Pagliaro, 1998) . Findings from research in this area provide evidence that deaf and hard-of-hearing children use strategy types similar to those used by children who are hearing. The evidence, however, is based on solutions to noncontextualized, computation problems (e.g., Chien, 1993; Frostad, 1999; Secada, 1984) . Studies involving the solution to problems in story contexts have been few and have presented those problems to participants in written English (e.g., Hyde, Zevenbergen, & Power, 2003; Kelly & Mousley, 2001; Kidd, Madsen, & Lamb, 1993; Serrano Pau, 1995) , a language/mode that has proved to be difficult for deaf and hard-of-hearing students (Traxler, 2000) . These studies found that reading performance is correlated with problem-solving success; however, they did not show the processes by which deaf and hard-of-hearing children solve story problems. In addition, no studies thus far have presented story problems to deaf and hard-of-hearing students in American Sign Language (ASL).
Based on studies of solutions to story problems, there is general agreement that problem solving entails comprehension of the problem text (in whatever mode) and planning the solution process. A critical component in this process is problem representation, that is, the development of a mental model on which to base a solution. There is less agreement, however, about the specific nature of this mental model. Evidence does point to the importance of a visual representation in the organization of information (Lucangeli, Tressoldi, & Cendron, 1998) . There is reason to believe then that the visual nature of ASL may contribute positively to the problem representation process of deaf and hard-of-hearing children when presented problems in sign. The signed versions of arithmetic story problems can present a visual mapping of the problem situation and/or its solution (Kritzer, Pagliaro, & Ansell, 2004) . This, in turn, may be linked to the relative difficulty of problems and the strategies used to solve them. The present study determines the relative difficulty of story problems and its relation to strategy use for deaf and hard-of-hearing students. It is part of a collaborative investigation designed to describe the thinking of children who are deaf and hard of hearing during problemsolving activities, its development across the grades, and how it compares to children who are hearing. The research looks at primary level (K-3) deaf and hardof-hearing children's mathematics problem-solving success and strategy use when presented arithmetic (addition and subtraction) story problems in ASL. This contribution to the body of knowledge on problem solving may allow educators to make better decisions regarding mathematics instruction with deaf and hard-of-hearing students, helping prepare them for the 21st century.
Background

Problem Types and Difficulty
Most adults categorize story problems based on the operation they would use to solve the problem: addition if the answer requires finding the sum or combination of two sets and subtraction if finding the difference between two sets. Research in mathematics education with hearing participants has found, however, that young children distinguish between problems based on the action or relationship depicted in the problem situation or story (Carpenter, 1985; De Corte & Verschaffel, 1987) . For example, in Table 1 , most adults would represent the two story problems with the same canonical number sentence (11 ÿ 7 ¼ [4]). However, young children, in following the situations described in the problems, will view the two as distinct situations: the first subtractive (11 ÿ 7 ¼ [ ])-because the children are leaving the playground-and the second additive (7 1 [ ] ¼ 11)-because Karen received more stickers-as can be seen in the strategies illustrated in the table.
Categorization of addition and subtraction story problems according to the semantic features of the situations depicted in the stories provides a problem type framework of great value in general education. Its value for both research and teaching lies in its robust capacity to explain and predict problem difficulty and strategies that young children (hearing) use to solve problems. Table 2 depicts 11 different addition and subtraction problem types that result from an examination of two dimensions shown to be salient to hearing children's solutions: the rows of the table are distinguished by the type of action or relationship depicted in the problem situation (joining or separating sets, relating superset to subsets [combine] , or comparing sets); the columns of the table show the variation in the location of the unknown quantity (start position, change position, or result position for the join and separate problems; part or whole quantity for the combine problems; or difference or compared quantity for the comparison problems). (For a review and more detailed descriptions see Carpenter, Fennema, Franke, Levi, & Empson, 1999.) Numerous studies of hearing children's success with solving these problems have found a predictable pattern related to these two dimensions (e.g., Carpenter, 1985; De Corte & Verschaffel, 1987) . This Anna counts out 11 markers, ''1 2 3 4 5 6 7 8 9 10 11.'' She then removes 7 of the markers, one at a time as she counts ''1 2 3 4 5 6 7.'' She then counts the remaining markers, ''1 2 3 4. There are 4 children playing!''
Darren signs 11, then counts down on one hand 10, 9, 8, 7, 6, 5, 4 , while counting up on the other, one count for each count, 1 2 3 4 5 6 7. ''4, there are 4 still playing.'' Karen had 7 stickers. Her mother gave her some more. Now Karen has 11 stickers. How many stickers did her mother give her?
Anna counts out 7 markers, ''1 2 3 4 5 6 7.'' She then continues the count as she adds more markers to the pile, keeping them slightly separated from the original pile: ''8 9 10 11.'' She then counts the markers she added ''1 2 3 4. Her mom gave her 4 stickers.'' Darren signs 7, then continues on the same hand, 8, 9, 10, 11 while counting 1,2,3,4, on the other hand. ''Her mom gave her 4 stickers.'' Jake had 4 worms. Max gave him some more. Now Jake has 11 worms. How many worms did Max give to Jake? Jake had some worms. Max gave him 7 more worms. Now Jake has 11 worms. How many worms did Jake have in the beginning? Separate Jake had 11 worms. He gave 4 to Max. How many worms does Jake have now?
order of problem difficulty reflects the level of inference required to develop a viable solution based on the problem statement (Carpenter, Ansell, Franke, Fennema, & Weisbeck, 1993; LeBlanc & WeberRussell, 1996) . For example, problem situations that include an explicit action (joining or separating) were found to be easier to solve than problems that depict static situations where no action is involved (combine; comparison); likewise, action problems for which the solution follows the sequence depicted in the situation or story (result and change unknown) tend to be easier to solve than those for which the solution requires a reversal of the action depicted in the situation (Start Unknown). Thus, the easiest problems tend to be action problems (join and separate) with the result unknown, and the Combine Whole Unknown (WU) problem. Next in difficulty is the Join Change Unknown (JCU), followed by the Combine Part Unknown (PU) and Start Unknowns. Most difficult are the comparison situations.
Changing the wording of problems to make the action more or less explicit can change problem difficulty. Studies have identified variation in wording within language as a critical factor in problem difficulty (De Corte & Verschaffel, 1987; Fan, Mueller, & Marini, 1994; Fuson, Carroll, & Landis, 1996; Hudson, 1980) . In addition, international work in mathematics education has given incidental opportunities to identify the ways in which different languages may support or constrain problem solving. A study of the problem solving of Cypriot elementary students (Christou & Philippou, 1998) , for example, found a different pattern of problem difficulty compared to results found in studies done in the United States. The authors suggested that some of these differences may be explained by differences in the languages and their impact on problem presentation. The action in join problems, for example, is more directly stated in English than in Greek.
The influence of language on the presentation of story problems and its potential for changing the relative difficulty of problems presented in ASL was hypothesized by Ansell and Pagliaro (2001) . Their analysis of teachers' translation of story problems into sign language indicated that the dynamic, visualspatial nature of sign language could decrease the required level of inference from problem situation to solution. For example, the signs for numbers one to five make explicit the cardinality of the set and thus make possible a toggling between fingers as signs and fingers as manipulatives. Further, the use of directional verbs can make explicit the action involved in the problem and, together with the use of location to position quantities in space, may provide a mapping from problem situation to a modeled solution. This may have an important impact on the problem representation process during problem solving.
Problem Difficulty and Solution Strategy Types
Evidence of problem difficulty can be found in the pattern of strategy types children use to solve problems. In research, strategies used by hearing children have been classified into three general types based on their level of abstractness. The results have shown that children are more likely to use more abstract (potentially more efficient) strategies with less difficult problems and more concrete strategies for more difficult problems (Carpenter & Moser, 1984) .
The most concrete strategy type is referred to as ''direct modeling.'' Solutions to story problems using this strategy directly follow the situation described in the story problem. The child represents individual members of each quantity set (e.g., with markers, tallies, fingers) and acts on them according to the action or relation depicted in the story (e.g., joins sets together, separates a subset from a set, matches two sets). Anna's solutions described in Table 1 are examples of direct modeling. For children whose primary strategy is modeling, problems that have a clear action and can be solved by sequentially following the story are less difficult than problems that require the sequence to be reversed. Thus, for example, these children would most likely not be able to solve problems with an unknown start quantity. These children tend to be able to solve only those problems that are easily modeled because they rely on the story to tell them what to do.
Counting strategies signify a shift from using representations as concrete depictions of a set's members (as in modeling) to using them as more abstracted markers to keep track of the number of counts made in a counting sequence. To solve the JCU problem in Table 1 (the sticker problem), for example, a child may say ''7'' and then continue counting ''8, 9, 10, 11.'' The answer ''4'' is determined by keeping track of the number of counts made from 7 to 11. Though children may use manipulatives (e.g., cubes, tallies, or fingers) to keep track, their use is distinct from the use of manipulatives when modeling. The use of counting requires the ability to represent a set by its number signifier (''seven'') and count forward or back from that number while keeping track of the sequence. This is significantly more abstract and requires more working memory than the use of direct modeling, particularly when it is necessary to keep track of a backward counting sequence. The difference in effort associated with a forward and backward counting strategy can be seen by comparing the strategies used by Darren to solve the two problems in Table 1 . Because keeping track of a backward count requires counting in two directions simultaneously (backward and forward), children who are capable of using a counting strategy for a joining situation may turn to modeling strategies when they interpret a problem as requiring a backward count. When a child recognizes that she/he can either count forward or count back to find a difference (interpreting the situation with respect to parts and wholes), the child is able to change the problem around, that is, reverse the situation action, to facilitate counting strength.
Fact-based strategies are the most abstracted from the problem situation. Children's use of number facts to solve problems may involve the direct recall of the fact given in the problem or may entail the derivation of an unknown fact from a fact that is already known (e.g., doubles [5 1 5; 2 1 2, etc.] plus 1). Children's use of facts to solve problems is less dependent on the problem type than on the child's repertoire of known facts and its relation to the particular numbers in the problem. The growth of fact knowledge is highly experiential and thus variable.
The framework described above is based on studies involving children who are hearing. No study has determined the order of problem difficulty and related strategy use for deaf and hard-of-hearing children when given full access to story problems in sign language. The current study seeks to address this issue by answering the following questions:
1. What is the relative difficulty of arithmetic story problems presented in ASL for primary level deaf and hard-of-hearing students?
2. What is the relationship between strategy use and the relative difficulty of problems?
The results will be discussed in comparison to what is known to be typical of hearing children in this area.
Method
This study was designed to parallel those in which hearing children were given full access to story problems through spoken English (Carpenter et al., 1993) . In this study, story problems are presented to deaf and hard-of-hearing children in ASL.
Participants
Two hundred and thirty-three K-3 children from nine schools for the deaf across the United States participated in the study. The schools were selected to maximize the number of children who would likely have good comprehension of sign language and in particular ASL. All participating students were given an assessment of ASL receptive skill (Hoffmeister, 1999) . The mean scores on this test from children at each age level (5-9 years) having deaf parents was determined. All children, then, in this sample who scored above this value were considered to have ASL language skills typical of native users at their age. This article gives the results based on this subsample of children.
The subsample consisted of 59 deaf and hard-ofhearing children ranging in age from 5 to 9 years with a mean age of 7.4 years and spanning grade-levels kindergarten through three. Gender within the subsample was essentially split equally between male and female (29 and 30, respectively). Thirty-four children had at least one deaf parent, 21 had no deaf parent; the parental hearing status for 4 children was not known (2) or not reported (2).
Instruments
Several instruments were used to collect the data. Teachers and parents completed questionnaires on each child to determine background information such as parental hearing status and grade level. Children's problem-solving strategies were elicited in an interview during which they were shown six addition and subtraction story problems. The problems were presented by a Deaf signer in ASL on videotape. The signer is a Deaf Studies teacher at a school for the deaf as well as the school's lead coordinator of the Signed Communication Proficiency Interview assessment. The written English versions of the six problems, as well as their order of presentation, are shown in Table 3 . The problems were selected to be comparable to those used in studies involving hearing children. A panel of 4 Deaf, native signers of ASL, who had experience with children in schools for the deaf, determined the translation of the problems from written English to ASL. Two of the panel members were certified Deaf Education teachers at a school for the deaf, a third member was an experienced teacher's aide in a school for the deaf, and the final member was a student in a Deaf Education teacher preparation program. The problems were signed so as to be appropriate for primary level children, follow the rules of ASL, and maintain the mathematical structure of the original problems (Ansell & Pagliaro, 2001 ). For example, problems without action did not involve any signs that would indicate movement of the sets, such as a directional verb or ''altogether.'' To illustrate this, we provide, in the Appendix, the English gloss of the Join Result Unknown (JRU) problem, an action problem, and the WU problem, a nonaction problem.
Two sets of each problem were signed in exactly the same way except for the numbers used, one using numbers 1-20 and the other using numbers 1-10, in order to maximize the opportunity for each child to solve the problems. A child was given Problem Set A or B depending on their knowledge of number as described in the Procedure section. All interviews were conducted by a Deaf adult proficient in ASL.
Procedure
Prior to being given the six story problems, each child's number knowledge (i.e., counting proficiency and cardinal knowledge) was assessed through a series of questions. To assess their rote counting skill, children were asked to count as high as they could beginning with 1 (they were stopped at 30) and then to count forward starting at 14 (they were stopped at 20). Those children who could count up to 20 without hesitation or error were given Problem Set A (numbers 1-20). To assess their cardinal understanding, the children counted a set of eight cubes. The cubes were then covered, and the children were asked to identify the number of cubes hidden under the cover. If the child had to recount the cubes in order to answer correctly, the child was said to not yet have cardinal understanding. Those who could not do so, received Problem Set B (numbers 1-10). For the problemsolving task, the interviewer explained to each child that she/he would see a series of stories on videotape that ended with a question to answer. Similar to studies with hearing children (Carpenter & Moser, 1984) , the interviewer reminded the child that she/he could use the available materials (counting cubes of two different colors, paper, and markers), her/his fingers, or ''just thinking'' in order to answer the questions. The child was allowed to watch each signed story as many times as she/he wished. The interviewer did not participate in any way in the child's solving of the problem. If the child could not remember a detail of the story, the interviewer asked the child if she/ he wanted to see the video again. As the child solved the story problem, the interviewer marked the child's strategy choice on a coding sheet. If a child's solution strategy was not obvious to the interviewer, the child was asked to explain his/her actions immediately following his/her solving of the problem. The interviewer responded in the same way regardless of the child's correct or incorrect answer. The interviews were videotaped and ranged in length from 20 to 45 min.
Coding and Analysis
Solutions to each of the six problems were coded during the interview for correct response and strategy use including the general type of strategy (modeling, counting, fact-based) and the specific strategy within the type and then again by the authors later via videotape. Any disagreements were discussed until agreement was reached. The authors also coded the viability of the strategy (i.e., ''viable'' meaning an appropriate strategy for solving a particular problem leading either to a correct answer or to an incorrect answer due only to a simple, nonsystematic counting error; Carpenter & Moser, 1984; Carpenter et al., 1993) . A strategy was coded as ''nonviable'' if, when used, it would not be possible to arrive at the correct answer. If a child was not able to provide an answer (correct or incorrect) to the problem, the strategy was coded as ''does not solve.'' If a child switched strategies while solving a particular problem, the final strategy was coded.
In order to determine the relative difficulty of the problems, an often-used indicator is the relative number of correct answers for each of the problems. In this study, however, we compared the problems based on the appropriateness of the strategies used to solve them, giving credit to those who miscalculated or achieved an incorrect answer due to a simple counting error. Therefore, in this article, as was done in studies with hearing children (Carpenter & Moser, 1984; Carpenter et al., 1993) , we define problem difficulty as the relative number of viable strategies used to solve the problems. Frequency counts of viable strategies determined the order of problem difficulty overall. Analyses of variance (ANOVAs) for Grade 3 Problem Type (repeated measures) were then used to determine whether the frequency of viable strategies per problem were significantly different from all other problems. Finally, v 2 analyses were performed to compare the strategies used across problem clusters.
Results
This study sought to establish the relative difficulty of standard addition and subtraction story problems of different types presented to deaf and hard-of-hearing children in ASL and to understand the difficulty of these problems in relation to the strategies used to solve them.
Relative Difficulty of Problems
The order of difficulty of the problems (relative difficulty) was determined by the percentage of viable strategies used in solving each problem. A problem for which more students used a viable strategy was said to be easier than one for which less students used a viable strategy. Figure 1 shows the order of difficulty for the six addition and subtraction problems used in the study across grade levels (K-3) with the problem type (JRU, WU, etc.) indicated. Based on what appeared from Figure 1 to be problems of the same difficulty (JRU and WU; JCU, PU, and SRU), ANOVAs for Grade 3 Problem Type (repeated measures) were conducted on all comparative combinations. Results of these analyses (Table 4) show that the problems can be grouped into three distinct clusters, labeled in Table 3 Cluster A is composed of the two problems whose solutions involve finding the sum of two numbers, the JRU and the WU. Nearly 80% of the children used a viable strategy to solve them. The two other Clusters, B and C, are composed of problems that involve finding the difference between two quantities. Three of these formed Cluster B (SRU, JCU, and PU). About half of the children used viable strategies to solve these problems. Cluster C is composed of a single problem, Problem 5. This CDU problem proved to be the most difficult with just over one fourth of the children using a viable strategy to solve it.
Grade Level Trends. To identify the robustness of the problem difficulty clusters, further analyses were done to determine whether the pattern of problem difficulty differed by grade level. Table 5 shows the number of children within each grade level who used viable strategies to solve the problems within each of the three clusters. The corresponding percentages (Figure 2 ) illustrate that the relative difficulty (from least to most difficult) of Clusters A, B, and C is the same at each of the grade levels. This was confirmed via 6 3 3 (problem by grade level) ANOVAs with repeated measures that showed no interaction effect (shown in Table 4 ). No tests were performed on the kindergarten grade level as those children used viable strategies for only the problems in Cluster A.
Strategy Use in Relation to Relative Difficulty
Research in mathematics education has found a strong relationship between problem difficulty and strategy use. Studies involving hearing children indicate, for example, the tendency for successful children to be flexible in their strategy use-often using more concrete strategies (e.g., modeling) when solving more difficult problems and more abstract strategies (counting, fact-based) when solving easier problems (Carpenter & Moser, 1984) . To fully understand problem difficulty then, it is also helpful to look at the types of solution strategies that deaf and hard-of-hearing children use when solving story problems and to consider in particular whether there are patterns in the The number in parentheses is the total number of codable strategies. 
Grade Level
Cluster A Cluster B Cluster C Figure 2 Percentage of viable strategies used in each problem difficulty cluster by grade.
use of viable strategy types. Children's strategy use in this study is discussed for each of the three problem clusters. Within each cluster, the strategy types are further analyzed for patterns within viable and nonviable strategies.
In analyzing strategy use, we eliminated the instances when children either did not attempt a problem or tried but did not come to an answer. These situations were coded collectively as ''does not solve.'' As would be expected, there was a higher percentage of these occurrences in Clusters B (25%) and C (24%), the two more difficult clusters, than in the easiest Cluster A (14%). Table 6 shows the distribution of strategy types used to solve problems in each of the three clusters excluding the students who did not solve the problem. Within each cluster, all three strategy types (modeling, counting, and fact-based) were represented. Counting was the predominant type used (ranging from 59%-81%), whereas fact-based strategies were used the least (ranging from 9%-13%). The use of modeling ranged from 6% to 30%, varying inversely with the use of counting; that is, when the percentage of counting strategies used was lower, the percentage of modeling strategies used was higher.
Across clusters, there was a statistically significant difference by strategy type, v 2 (4, 21.252), p , .001. Although the statistical analysis does not specify the exact location of the difference, one can see from Figure 3 that, with respect to strategy use, Clusters B and C look similar to each other and different from Cluster A. In particular, in the two more difficult clusters, there is less use of counting strategies and more use of modeling strategies (25-30% modeling in Clusters B and C) than in the easier Cluster A (about 6% modeling). These numbers, however, represent all strategies used, viable or not. It is of critical importance to determine the extent to which the strategies used by the children are viable or nonviable in order to determine the true relationship of strategy use to problem difficulty. Table 7 shows the frequency of viable and nonviable strategies within types for each cluster. Across clusters, the totals reveal that the percentage of viable strategies is the same for each strategy type, approximately 70%. If the clusters were of the same difficulty, we would expect this overall viability distribution to be similar within each cluster. That is, within each cluster, the viability of strategies would be the same regardless of strategy type. On the contrary, we find a different distribution within each cluster when comparing the viability of modeling, counting, and factbased strategies. This was confirmed by v 2 analyses of the distributions of viable and nonviable strategy types within cluster. These analyses showed a significant difference by type within Clusters A, v 2 (2, 15.602), p , .001, and B, v 2 (2, 6.181), p , .05, but not C (not significant), telling us that the reliability or effectiveness of counting, modeling, and facts was different within Clusters A and B. By looking at Figure 4 , we can see that in Cluster A, counting is most reliable (that is, children were more likely to use a viable counting strategy than a viable modeling or fact-based strategy), whereas in Cluster B, modeling is most reliable (i.e., children were more likely to use a viable modeling strategy than a viable counting strategy). In Cluster C no significant difference was found, indicating that these strategy types were of the same Figure 3 Percentage of strategy type used within problem difficulty cluster by those who gave an answer. reliability. Hence, when viability is taken into account, the greater difficulty of Cluster C can be seen clearly. Although children used more modeling in Clusters B and C than in Cluster A, its effectiveness was greater in Cluster B than C. Modeling was the most reliable strategy for both Clusters B and C, but it was less reliable in Cluster C than in B.
More and Less Successful Children
The results reported above give us the relative difficulty of the problems based on the performance across all the children. This analysis masks, however, the variation in performance of individual children across the six problems. The level of success ranged from those who used no viable strategies to those who used viable strategies on all six of the problems. In fact, half the children (50.8%) used viable strategies on more than half the problems. Using the mean number of viable strategies as a marker (3.2), we divided the sample into more successful (had viable strategies for four or more problems) and less successful (had viable strategies for three or fewer problems) students and compared the pattern of problem difficulty and strategy use for the two groups.
Relative Problem Difficulty. Twenty-nine of the 59 children (47.5%) performed at or below the mean (in terms of use of viable strategies), with only 3 of these children having a viable strategy for a problem outside of Cluster A. The remaining 26 children either had no viable strategies (7 children) or solved one or both of the problems in Cluster A only (3 and 16 children, respectively). This further supports the ease of Cluster A problems. The rest of the problems were equally difficult for this ''less successful'' group of children. The 30 more successful children performed similar to the sample as a whole with the JRU problem being easiest (93%) and the CDU problem appearing to be far more difficult (53%) than any of the other problems (83-90%). Results of ANOVAs for Grade 3 Problem Type (repeated measures) shown in Table 8 , however, indicate a more complex pattern to the remaining problems. Clusters A, B, and C are no longer distinct; rather, three overlapping clusters labeled as Clusters X, Y, and Z are created ( Table 9 ). The easiest cluster (Cluster X) includes the two additive problems (Cluster A from the whole group analysis) plus two difference problems-the JCU and PU. Although these four problems are all similar in difficulty to each other, they are significantly different in difficulty from the comparison problem. Cluster Y, the next cluster in difficulty, groups three of the four problems from Cluster X (the WU, JCU, and PU) with the SRU problem. The JRU is significantly different from the SRU, and the two problems are therefore separated. The most difficult cluster for these students (Cluster Z) is composed of the SRU problem (also in Cluster Y) and the CDU problem. Thus, the WU, JCU, and PU problems overlap Clusters X and Y, whereas the SRU overlaps Clusters Y and Z. The CDU is in Cluster Z only, distinct from all problems in Cluster X. Likewise, the JRU is distinct from the SRU and the CDU problems.
In comparing the more and less successful students, those who used more viable strategies were, on average, 1 year older (7.9 years vs. 6.8 years; p ¼ .000) and one grade level above the less successful group. The more successful students were also significantly Strategy use. Fewer problems were solved by the less successful group as compared to the more successful group. Of those problems that were solved, both groups were similar to the whole sample in their strategy use (Table 10) . That is, both groups used all three strategy types, using counting strategies the most and fact-based strategies the least, and both groups increased their use of modeling strategies with more difficult problems. Although no statistically significant difference was found in strategy use between Clusters A, B, and C, frequency counts showed a greater increase in modeling in the more difficult clusters by the more successful children than the less successful children. That is, the children who were more successful problem solvers tended to switch from a more abstract strategy (counting) to a more concrete strategy (modeling) when faced with a more difficult problem. Their modeling strategies are also more reliable except in Cluster C where the problem was difficult for all. This tendency to switch to a less abstract strategy for more difficult problems was also evident in Clusters X, Y, and Z.
Discussion
The overall results show a pattern of problem difficulty considerably different from what was expected based either on parallel studies of hearing children (e.g., Carpenter, 1985; Carpenter & Moser, 1984) or on an analysis of the potential impact of the visual nature of the signed problem presentation. Results from the Carpenter and Moser (1984) study showed the critical dimension in problem difficulty, for hearing children, to be the presence or absence of explicit action in the problem situation. The problems were easier for these children to solve when the story or problem context involved either joining or separating (e.g., JRU or SRU) versus when no action was included (e.g., PU or CDU). Our results show the critical dimension for deaf and hard-of-hearing children to be based on the canonical operation typically used to solve the problem, not the story within the problem. The data showed a major split in problem difficulty based on whether the problem solution involved the sum of or difference between two sets. The problems in Cluster A, both of which had summed solutions, were much easier than the difference problems in Clusters B and C. To try to understand this difference in pattern, we look more closely at two problems for which the relative difficulty was particularly distinct for the deaf and hard-of-hearing students in comparison to the hearing students. These were the PU and the SRU problems. Studies show that hearing children have more success with the SRU, an action problem, than the PU problem, a no action problem (Carpenter & Moser, 1984; Carpenter et al., 1993; De Corte & Verschaffel, 1987) . In contrast, these two problems were of similar difficulty for the deaf and hard-of-hearing children in our study. Further, for the subgroup of more successful students in our study, the action problem (SRU) surprisingly proved to be more difficult than the static problem (PU). Indeed, the latter problem was part of the cluster that overlapped with the easiest, additive problems (JRU, WU), whereas the former was the only problem to overlap with the most difficult problem (CDU). Part of the explanation for the relative difficulty of the PU and the SRU problems for hearing children lies in the action/no action dimension. As described in the background, the explicit action creates a link to a solution process that is left obscure in the no-action problems. For the deaf and hard-of-hearing children, because these problems both involved finding a difference, they were at least of equal difficulty, with the SRU actually being slightly more difficult than the PU problem for the more successful children. An integrated analysis of strategy use and problem type points to another part of the explanation. Such an analysis shows that, for hearing children, the successful solution to the PU problem is generally associated with a child's ability to use counting strategies to solve the easier JRU and JCU problems, though she/he may not yet use a counting strategy to solve the PU (i.e., they may model for this more difficult problem). This association between strategy type and strategy use implies that the use of counting strategies is associated with developing part-whole understanding. For hearing children, then, success with solving the PU problem is a marker for their part-whole understanding. This study shows that this marker may not hold true for deaf and hard-of-hearing students. Perhaps it is not the case that there is a delay in these students' problem solving, as some have suggested (Chien, 1993; Frostad, 1999) , but actually a different framework that must be considered when teaching mathematics to deaf and hard-of-hearing students.
The deaf and hard-of-hearing children in our study were, in general, more likely than hearing children to use counting strategies. Perhaps their early and frequent use of counting strategies, then, significantly contributed to the different pattern of problem difficulty found here. Frostad (1999) expressed concern that the early use of counting strategies (prior to modeling) may be rote and impede the construction of conceptual understanding that is typically developed through the use of modeling strategies. Our finding of the relative unreliability of counting strategies for more difficult problems may support Frostad's analysis. There may, however, be benefit in creating opportunities to build on deaf and hard-ofhearing students' counting strength, an ability that seems to be facilitated by characteristics of the language. Solving and reflecting on a variety of problem types may provide that opportunity to build partwhole understanding. Further work needs to be done on problem difficulty to understand the genesis of the stated differences. This understanding may provide teachers with a framework that enables them to make instructional decisions that are more specific to, and therefore more appropriate for, deaf and hardof-hearing students.
Several factors related to instruction may have also contributed to the pattern of problem difficulty observed in the data. First, deaf and hard-of-hearing students (K-12) are not educated under a mathematics curriculum that is rich in quality problem solving (Kelly, Lang, & Pagliaro, 2003; Pagliaro, 1998; Pagliaro & Kritzer, 2005) , nor do they have frequent experiences with story problems in general and with a variety of story problem types in particular, especially in the early grades (Pagliaro & Ansell, 2002) . Thus, problems that were relatively easy (Cluster A) may have been those that were more familiar to the students. Remarks by primary level Deaf Education teachers in a previous study about the relative difficulty of problems similar to those used here and their related instructional choices lends further evidence to this conclusion (Pagliaro & Ansell, 1999) . Teachers remarked that problems like those contained in Clusters B and C would be more difficult for their students and that they do not often give these problems to them in instruction. In fact, in comparing problems of different type within a pair, the majority of these teachers expected the JCU and PU problems to be more difficult than the SRU for their students, although many attributed the relative difficulty to surface-level features of the problems, such as the presence or absence of key words and the use of specific contexts such as color and terminology. In this same study, teachers also commented on the ''visualness'' of the problem as affecting the relative difficulty, pointing in some cases to the iconicity of the problems as they would sign them. We, too, expected that the deaf and hard-ofhearing children might have more success with the problems overall because of the visual-spatial mode in which the problems were presented. We hypothesized that the presentation of the problems in ASL would support problem solutions, thinking that spatial settings and the use of directional verbs within the action problems particularly would ''map'' a solution path onto the situation, thus lessening the inference needed to solve the problem. For the nonaction problems, although the mapping seemed to be less obvious, we thought that the visual-spatial layout still had the potential to improve the students' success in solving the problems (Kritzer et al., 2004) .
This was not the case. The visual-spatial nature of the problem presentation did not appear to assist the deaf and hard-of-hearing students in coming up with viable solutions. Most of the children did not appear to view the signing of the problem as containing any links to its solution. In fact, many children, particularly those in the less successful group, did not seem to attend to the problem situation at all, focusing primarily on the numbers in the problems. They ignored or did not recognize any relationship between the story and its solution, thus missing linguistic markers that could potentially have made for an easier problem. This result may relate to the results of studies of children's acquisition of sign language, which found that children do not capitalize on any seeming iconicity within ASL (Emmorey, 2002) .
ASL, however, does have structural aspects that have the potential to enhance mathematics learning. For example, the signing of the CDU problem in this study showed the relative heights of the two towers and pointed to the difference in height as the quantity that is unknown, in a way similar to the matching process used when modeling the solution to the problem. This way of signing the problem is natural and appropriate in ASL and maintains the mathematical structure of the problem. These structural aspects parallel those found in other languages. For example, in some Asian languages, a direct reference to place value concepts is embedded in the words or characters for numbers. In Chinese, Japanese, and Korean, for instance, the word for 12 is ''ten two,'' 63 is ''six ten three.'' Cross-national comparisons have linked differences in conceptual understanding of place value with this language feature (Ho & Fuson, 1998; Miura, Okamoto, Kim, Steere, & Faylo, 1993) . Deaf Education teachers may not be capitalizing on the potentially helpful linguistic information within ASL. If students are aware of the connection between the ASL presentation and the mathematics, then perhaps there would be less inference required to solve the problem and thus make for more success with the problem. This is not ''cheating'' or ''giving students the answer'' as some may think; rather, as with other languages, it is furthering students' understanding by helping them to form relationships between language and mathematical concepts-a practice supported by the NCTM Standards (NCTM, 2000) .
In conclusion, this study has provided clear insight into the problem solving of deaf and hardof-hearing students when given full access to story problems. The study shows that deaf children can be successful with problem solving (half of the children in the subsample were able to solve more than half of the problems presented to them); however, the fact that also half were not successful (could not solve at least four of the six problems) indicates a critical need for attention to this area. There is some evidence that deaf and hard-of-hearing students may consider and respond to arithmetic story problems differently than their hearing peers. If this is the case, instruction must reflect and address these differences. In order to provide teachers with information as to how they can better align their mathematics instruction to match the thinking of the deaf child, analyses are currently being conducted on the specific strategies used by these deaf and hard-of-hearing children (e.g., precisely what kind of counting strategies were used with particular problems; Pagliaro & Ansell, 2006) . In addition, continuing to investigate the problemsolving success and strategy use of deaf and hardof-hearing students will further our understanding of the cognitive processes of the deaf and hard-of-hearing child. Analyses of the success and strategy use of the total sample involved in the project (233 children) is underway by the authors as well to provide a more complete picture of problem solving within deaf education. Finally, we suggest further study on the aspects of ASL and signing that may contribute to deaf and hard-of-hearing students' mathematics learning and on the impact of a curriculum that is truly problem-solving based. In today's society, success will come only to those who can think logically and use mathematics as a tool to solve problems. 
